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THE CHERN-RICCI FLOW ON PRIMARY HOPF SURFACES
GREGORY EDWARDS
Abstract. The Hopf surfaces provide a family of minimal non-Ka¨hler surfaces of class VII
on which little is known about the Chern-Ricci flow. We use a construction of Gauduchon-
Ornea for locally conformally Ka¨hler metrics on primary Hopf surfaces of class 1 to study
solutions of the Chern-Ricci flow. These solutions reach a volume collapsing singularity in
finite time, and we show that the metric tensor satisfies a uniform upper bound, supporting
the conjecture that the Gromov-Hausdorff limit is isometric to a round S1. Uniform C1+β
estimates are also established for the potential. Previous results had only been known for
the simplest examples of Hopf surfaces.
1. Introduction
The Chern-Ricci flow is a parabolic flow of Hermitian metrics first studied by Gill [10] and
later introduced in greater generality by Tosatti-Weinkove [39]. We say g(t) is a solution to
the Chern-Ricci flow starting from a Hermitian metric g0 if
(1.1)
{
∂
∂t
g = −RicCh(g)
g(0) = g0
where RicCh is the Chern-Ricci tensor of g defined by
RicCh
ij
= −∂i∂j log det g.
If the associated (1, 1)-form, ω0 =
√−1(g0)ijdzi ∧ dzj is closed, then g0 is a Ka¨hler metric
and the Chern-Ricci tensor is equal to the usual Ricci tensor. Thus the Chern-Ricci flow
yields the same solution as the well known Ka¨hler-Ricci flow [3, 4, 6, 18, 19, 20, 21, 22, 23,
24, 25, 27, 31, 34, 35, 36, 40, 42]. Other flows of Hermitian metrics have also been proposed
and studied [28, 29, 30, 17, 44, 43].
One direction of interest introduced in [38] is to classify the behavior of the Chern-Ricci
flow of Gauduchon metrics on complex surfaces. On complex surfaces, a Gauduchon metric
is a Hermitian metric whose associated (1, 1)-form satisfies ∂∂ω0 = 0. A well known result
of Gauduchon states that every Hermitian metric lies in the conformal class of a Gauduchon
metric [7]. Furthermore any Hermitian metric in the ∂∂-class,
Hω0 = {ωψ|ωψ = ω0 +
√−1∂∂ψ > 0 for ψ ∈ C∞(M)},
is also Gauduchon. On surfaces, the Gauduchon condition is preserved by the Chern-Ricci
flow [39] and the Chern-Ricci flow of Gauduchon metrics on complex surfaces has been
studied in several contexts [11, 38, 39, 41].
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For surfaces which are not minimal (i.e. those which have exceptional divisors) and with
Kodaira dimension not equal to −∞, the flow reaches a finite time non-collapsing singularity
at which time it contracts finitely many disjoint exceptional curves in the Gromov-Hausdorff
topology, up to a condition on the ∂∂-class of the limiting form [38, 39], generalizing results
for the Ka¨hler-Ricci flow [23, 24, 26].
By the Enriques-Kodaira classification of complex surfaces [1], all minimal non-Ka¨hler
surfaces can be classified into the following families:
(i) Kodaira surfaces,
(ii) Minimal non-Ka¨hler properly elliptic surfaces,
(iii) Inoue surfaces,
(iv) Hopf surfaces
(v) Minimal surfaces of class VII with b2(M) > 0,
where Kodaira surfaces are minimal surfaces with b1(M) odd and Kodaira dimension 0; Inoue
surfaces are those with universal cover C×H where H is the upper half plane; Hopf surfaces
are those with universal cover C2 \{0}; and surfaces of class VII are surfaces with b1(M) = 1
and Kodaira dimension −∞. By [2, 14, 16, 32], a class VII surface with b2(M) = 0 must be
either a Hopf or Inoue surface.
Solutions of the Chern-Ricci flow have been studied in several of the cases above: On
manifolds with vanishing first Bott-Chern class – in any dimension – the flow converges
smoothly to a Chern-Ricci flat Hermitian metric [10] using the uniform C0-estimate of [37];
on minimal non-Ka¨hler elliptic surfaces the normalized Chern-Ricci flow converges in the
Gromov-Hausdorff topology to an orbifold Ka¨hler-Einstein metric on a Riemann surface [41];
and on Inoue surfaces, after a conformal change to the initial metric, the Chern-Ricci flow
converges in the Gromov-Hausdorff topology to a round S1 up to scaling [5]. The surfaces of
type (v) are not yet classified except for the case b2(M) = 1 [33] and one long-term goal of
study for the Chern-Ricci flow is to provide new topological or geometric information about
Class VII surfaces in general.
On Hopf surfaces, the flow always reaches a finite time singularity at which time the
volume goes to zero [39]. Beyond this, little is currently known about the Chern-Ricci flow
on Hopf surfaces in any generality. The round metric on S3 × S1 admits a compatible
complex structure as a Hopf surface, and the Chern-Ricci flow of this metric has an explicit
maximal solution [39]. The solution becomes extinct at time T = 12 , and (M,g(t)) converges
in the Gromov-Hausdorff topology to a round S1 up to a scaling factor [38]. Moreover, if
the initial metric is in the same ∂∂-class as the round metric, then the solution satisfies an
upper bound and the potential converges in C1+β for every β ∈ (0, 1) [39].
The primary Hopf surfaces of class 1, as defined in [12], form a large class of Hopf surfaces.
These are defined as the quotients M = Mα,β = (C
2 \ {0})/ ∼ by the action (z1, z2) 7→
(αz1, βz2) for α, β ∈ C, with 1 < |α| ≤ |β|. All primary Hopf surfaces1 are diffeomorphic to
S3 × S1, and all Hopf surfaces are finitely covered by a primary Hopf surface [14, 13]. In
1The primary Hopf surfaces consist of both those of class 1, and those of class 0 which are defined as
quotients of C2 \ {0} of the form (z1, z2) 7→ (β
mz1 + λz
m
2 , βz2) for some positive integer m and β, λ ∈ C with
1 < |β| and λ 6= 0.
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particular, since the second Betti number vanishes, it is clear these surfaces do not admit
any Ka¨hler metric.
While M is never Ka¨hler, one can construct Hermitian metrics on M which are locally
conformally Ka¨hler. The existence of such metrics was first proved by LeBrun (see [9]), for
|α|, |β| distinct but sufficiently close, and explicit examples were constructed by Gauduchon-
Ornea [9]. These particular metrics are of interest because they provide examples of Hermit-
ian metrics on these surfaces. It is a difficult problem in general to give explicit Hermitian
metrics on Hopf surfaces, particularly ones for which α 6= β.
These LCK metrics are constructed as follows: We define a function, Φ = Φ(|z1|, |z2|), on
C
2 \ {0} which satisfies the relation
(1.2) |z1|2Φ−2k1 + |z2|2Φ−2k2 = 1,
where
k1 =
log |α|
log |α| + log |β| ≤ k2 =
log |β|
log |α| + log |β| .
Indeed for any real constants a, b, not both zero,
s 7→ a2s−2k1 + b2s−2k2
is continuous and strictly decreasing from ∞ to 0 for s > 0, and hence there is a unique
value for which a2s−2k1 + b2s−2k2 = 1.
While Φ is a well defined function on C2\{0}, it does not define a function onM . However,
the (1, 1)-form
(1.3) ωˆ =
√−1∂∂Φ
Φ
is well defined and positive definite (see Remark 2.2), and hence it defines a Hermitian metric
on M . These Hermitian metrics are never Ka¨hler, but they are locally conformally Ka¨hler
(LCK), and satisfy
(1.4) dωˆ = ωˆ ∧ θ
for a closed, real 1-form given by
(1.5) θ =
dΦ
Φ
.
The existence of a closed 1-form satisfying (1.4) is equivalent to the Hermitian metric being
LCK [8, 15, 45].
As a special case of (1.3), when |α| = |β|, we recover Φ = r2 = |z1|2 + |z2|2, and (M, ωˆ) is
isometric to the round metric on S3×S1. We call this the round metric on the standard Hopf
surface, and ω(t) = ωˆ − tRicCh(ωˆ) provides an explicit maximal solution to the Chern-Ricci
flow (1.1) on M× [0, 12) converging in the Gromov-Hausdorff topology to a round S1 [38, 39].
The LCK condition (1.4) is not preserved under the flow, even for the round metric on
the standard Hopf surface. However, we show that these initial metrics are Gauduchon
(See Corollary (2.5)), and therefore any metric in their ∂∂-class is also Gauduchon. Since
the Chern-Ricci flow preserves the Gauduchon condition it is of interest to study solutions
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starting from the ∂∂-class of the LCK metrics on non-standard primary Hopf surfaces defined
above.
Our main theorem is the following:
Theorem 1.1. Let ωˆ be the LCK metric constructed above, and ω0 = ωˆ+
√−1∂∂ψ for some
smooth plurisubharmonic function ψ with g0 its the associated Hermitian metric. Then a
maximal solution to the Chern-Ricci flow (1.1) exists on the time interval [0, 12) and there is
a uniform constant C > 0, independent of t, such that
ω(t) ≤ Cωˆ.
on M × [0, 12).
Unlike the case for the round metric on the standard Hopf surface, we do not obtain an
explicit solution to the Chern-Ricci flow from any initial starting metric. Indeed, it seems
such solutions are very difficult to find explicitly, and consequently there are difficulties at
present in controlling the Gromov-Hausdorff limit of the solutions.
From the bound of the trace we also obtain the following result on the convergence of the
potential.
Corollary 1.2. Set ω(t) = ωˆ−tRic(ωˆ)+√−1∂∂ψ with ψ normalized to satisfy equation (3.1)
below. Then as t→ T−, ψ(t) converges subsequentially to a function ψ(T ) in C1+β for every
β ∈ (0, 1).
This follows from the fact that by the estimates in Lemma 3.1 below, after passing to
subsequence, ψ(t) converges pointwise to a function ψ(T ) as t→ T−, and by Theorem 1.1,
|∆ωˆψ| is uniformly bounded, and so ‖ψ(t)‖C1+β is uniformly bounded for any β ∈ (0, 1). It
follows that, after passing to subsequence, ψ(t)→ ψ(T ) in C1+β as t→ T− for any β ∈ (0, 1).
Outline
The outline of the rest of the paper is as follows. In Section 2, we establish some geometric
properties of the LCK metrics defined above and show that they satisfy the Gauduchon
condition. In Section 3, we formulate the Chern-Ricci flow as a parabolic complex Monge-
Ampe`re equation, and recall the uniform estimate on the potential, and an upper bound on
its time derivative. In Section 4, we bound the trace of the evolving metric with respect to
the LCK metric and complete the proof of Theorem 1.1.
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2. Geometry of the locally conformally Ka¨hler metrics
In order to compute various geometric quantities related to the LCK metrics on non-
standard Hopf surfaces we first compute the form of the metric in coordinates. We define
the following (1,1)-form related to (1.5),
(2.1) Θ =
√−1θ(1,0) ∧ θ(0,1) = √−1∂Φ ∧ ∂Φ
Φ2
.
Clearly, Θ is closed, non-negative, real, and of rank one. To obtain the components of the
metric, we proceed as follows using Φi as a shorthand for ∂iΦ, Φij = ∂i∂jΦ, etc.:
First, differentiating (1.2),
(2.2) Φi = ziΦ
1−2kiZ−1
where
(2.3) Z = 2
(
k1|z1|2Φ−2k1 + k2|z2|2Φ−2k2
)
.
Note that Z descends to a well defined function on M which satisfies
(2.4) 2k1 ≤ Z ≤ 2k2.
We compute
Zi = 2zikiΦ
−2ki − 4ziΦ−2kiZ−1
∑
a
|za|2k2aΦ−2ka ,
so that
Φij = δij
Φ1−2ki
Z
+ (1− 2ki − 2kj)zizjΦ
1−2ki−2kj
Z2
+ 4zizj
Φ1−2ki−2kj
Z3
∑
a
|za|2k2aΦ−2ka ,
and we have
(2.5) Φij = δij
Φ1−2ki
Z
+ (1− 2ki − 2kj + 4
Z
∑
a
ka|za|2Φ−2ka)
ΦiΦj
Φ
.
Next, we compute the determinant of gˆ.
Proposition 2.1. The determinant of gˆ is given by the following identity,
det(gˆ) =
1
Φ2Z3
Proof. The proof is contained in Gauduchon-Ornea [9]. We provide it here, adapted to our
slightly different conventions, for convenience. We first compute the individual components
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of the complex Hessian of Φ, for instance:
Φ11 =
Φ1−2k1
Z
+
(
1− 4k1 + 4
Z
(k21 |z1|2Φ−2k1
+ k22|z2|2Φ−2k2)
) |z1|2Φ1−4k1
Z2
=
Φ1−2k1
Z3
(Z2 + (1− 4k1)Z|z1|2Φ−2k1
+ 4k21 |z1|4Φ−4k1 + 4k22 |z1|2|z2|2Φ−2)
=
2Φ1−2k1
Z3
(k1|z1|4Φ−4k1 + 2k22 |z2|4Φ−4k2
+ k2(1 + 2k2)|z1|2|z2|2Φ−2),
and similarly we obtain
Φ22 =
2Φ1−2k2
Z3
(k2|z2|4Φ−4k2 + 2k21 |z1|4Φ−4k1
+ k1(1 + 2k1)|z1|2|z2|2Φ−2),
Φ12 =
2z1z2Φ
−1
Z3
(k1 − k2)(k1|z1|2Φ−2k1 − k2|z2|2Φ−2k2).
Then we find the determinant of the matrix,
A =
[
Φ11 Φ12
Φ21 Φ22
]
,
to be
detA =
8
Z6
(
k31 |z1|8Φ−8k1 + k32|z2|8Φ−8k2
+ 3k1k2|z1|4|z2|4Φ4
+ k21(1 + 2k2)|z1|6|z2|2Φ−4k1−2
+ k2(1 + 2k1)|z1|2|z2|6Φ−4k2−2
)
=
1
Z3
,
and therefore we have
det(gˆ) =
1
Φ2Z3
which was claimed. 
Remark 2.2. From the calculations above, it follows that gˆij has strictly positive determi-
nant and, by inspection, has strictly positive trace. Since dimC(M) = 2, it follows that gˆij
defines a positive definite Hermitian metric.
Next, we have the following geometric identity.
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Proposition 2.3. The following equality holds for the trace of Θ:
trωˆΘ = 1.
As an immediate and crucial consequence is the following Corollary, obtained from the
calculation of the trace and non-negativity of Θ.
Corollary 2.4. We have the inequality of (1, 1)-forms:
Θ ≤ ωˆ.
Proof of Proposition 2.3. From (2.1)
Θij =
ΦiΦj
Φ2
.
We use the identity
trωˆΘ = 2
ωˆ ∧Θ
ωˆ2
= Φ2Z3
(
Φ−3Φ22Φ1Φ1 −Φ−3Φ12Φ2Φ1 − Φ−3Φ21Φ1Φ2 +Φ−3Φ11Φ2Φ2
)
,
and then using the calculations above
=
Z3
Φ
(
Φ1−2k1
2|z1|2
Z5
(
k2|z2|4Φ−4k2 + 2k21 |z1|4Φ−4k1 + k1(1 + 2k1)|z1|2|z2|2Φ−2
)
+
2|z2|2
Z5
Φ1−2k2
(
k1|z1|4Φ−4k1 + 2k22 |z2|4Φ−4k2 + k2(1 + 2k2)|z1|2|z2|2Φ−2
)
−4 |z1|
2|z2|2
Z5
Φ−1(k1 − k2)
(
k1|z1|2Φ−2k1 − k2|z2|2Φ−2k2
))
=
4
Z2
(
k21 |z1|6Φ−6k1 + k22|z2|6Φ−6k2
+k2(k1 + 1)|z1|2|z2|4Φ−2−2k2 + k1(1 + k2)|u|4|v|2Φ−2−2k1
)
= 1
where we have used (1.2) in the last line. 
Proposition 2.3 also allows us to obtain the following result for the LCK metrics.
Corollary 2.5. The metrics ωˆ satisfy the Gauduchon condition.
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Proof. Indeed
∂∂ωˆ = ∂∂
(√−1∂∂Φ
Φ
)
=
√−1(− ∂∂Φ ∧ ∂∂Φ
Φ2
+ 2
∂Φ ∧ ∂Φ ∧ ∂∂Φ
Φ3
)
=
1√−1
(− ωˆ2 + 2Θ ∧ ωˆ)
=
1√−1
(
trωˆΘ− 1)ωˆ2 = 0
which proves the claim. 
Let us now define another metric which will be useful for our purposes:
χij = Φ
−2kiδij .
One can check that χ transforms in the correct way to define a Hermitian metric. On the
standard Hopf surface this is equal to the round metric, but otherwise it is distinct from ωˆ.
The benefit of introducing the new metric is that
det(χ) =
1
Φ2
,
and so its Chern-Ricci form is given by:
Ric(χ) = 2
√−1∂∂ log Φ
= 2
√−1∂∂Φ
Φ
− 2√−1∂Φ ∧ ∂Φ
Φ2
= 2ωˆ − 2Θ ≥ 0
using Corollary 2.4 to obtain the inequality.
3. The Chern-Ricci flow
Let ω(t) be the solution to the Chern-Ricci flow (1.1) starting from ω(0) = ωˆ +
√−1∂∂ψ
for a smooth plurisubharmonic function ψ. Then, we can write the solution as
ω(t) = ωˆ − t(2ωˆ − 2Θ + 3√−1∂∂ logZ) +√−1∂∂ψ(t)
where ψ(t) solves the parabolic complex Monge-Ampe`re equation
(3.1)
{
ψ˙ = log (ωˆ−t(2ωˆ−2Θ+3
√−1∂∂ logZ)+√−1∂∂ϕ)2
ωˆ2
ψ(0) = ψ.
But since logZ is a globally defined smooth function, we can write
ω(t) = ωˆ − 2t(ωˆ −Θ) +√−1∂∂ϕ(t)
by setting
(3.2) ϕ(t) = ψ(t)− 3t logZ.
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Then since ωˆ2 = 1
Z3
χ2, ϕ satisfies the equation
(3.3)
{
ϕ˙ = log (ωˆ−2t(ωˆ−Θ)+
√−1∂∂ϕ)2
ωˆ2
− 3 logZ = log (ωˆ−2t(ωˆ−Θ)+
√−1∂∂ϕ)2
χ2
ϕ(0) = ψ.
We define the family of reference metrics,
ωt = (1− 2t)ωˆ + 2tΘ,
so that
ω(t) = ωt +
√−1∂∂ϕ,
and note that
∂
∂t
ωt = −2ωˆ + 2Θ = −RicCh(χ).
From Tosatti-Weinkove [39] we have that the Chern-Ricci flow exists on a maximal time
interval [0, T ) where T depends only on the ∂∂-class of ωt, and for Gauduchon metrics on
complex surfaces, T is given explicitly by
T = sup{t|
∫
M
ω2t > 0, and
∫
D
ωt > 0 for all irreducible divisors D with D
2 < 0}.
It follows that T = 12 , since M has no divisors with D
2 < 0 and
ω2t = (1− 2t)2ωˆ2 + 4t(1 − 2t)ωˆ ∧Θ
= (1− 2t)ωˆ2
since 2ωˆ ∧Θ = (trωˆΘ)ωˆ2.
We have the following estimates on the potential for the solutions.
Lemma 3.1. There exists a uniform constant C > 0 such that for t ∈ [0, T ),
(i) |ψ(t)| + ψ˙(t) ≤ C
(ii) |ϕ(t)| + ϕ˙(t) ≤ C
Proof. The proof of part (i) is standard and is contained in Tosatti-Weinkove [39] (in the
Ka¨hler setting the proof is due to Tian-Zhang [35]), we include it here for convenience. We
use ∆ = ∆ω for the Laplacian with respect to g(t). Applying the maximum principle to
(ψ −At) for a constant A > 0, we have that at a point of maximum with t > 0
0 ≤ ∂
∂t
(ψ −At) ≤ log ω
n
t
ωˆn
−A < 0
if A is chosen sufficiently large. Hence the maximum occurs at t = 0, and therefore we have
the upper bound on ψ. The lower bound follows a similar argument.
To obtain the upper bound for ψ˙, we apply the maximum principle to
Q = tψ˙ − ψ − 2t
so that
(
∂
∂t
−∆)Q = −trωωˆ < 0.
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By the maximum principle,
sup
M
Q(·, 0) ≥ sup
M
Q(·, t)
and it follows that ψ˙ is uniformly bounded from above.
Part (ii) follows from part (i) and (3.2) since logZ is bounded. 
4. Bound of the metric along the Chern-Ricci flow
Since ωˆ is controlled by χ is suffices to bound trχω(t). Let gˆij be the Hermitian metric
associated to ωˆ, and gij the metric associated to ω(t). We often use the Hermitian metrics
and their associated (1, 1)-forms interchangeably.
Let us fix the notation that Ric will denote the Chern-Ricci tensor of χ, and so
(4.1) 2gˆ = Ric + 2Θ.
First, we note that( ∂
∂t
−∆ω
)
trχω =− gij∂i∂jχklgkl + χklgij(∂k∂lgˆij − ∂i∂j gˆij)
− 2Re(gij∂iχkl∂jgkl)− χklgpjgiq∂kgpq∂lgij .
Indeed, since
∂
∂t
trχω(t) = χ
kl∂k∂l log det g
= −χklgpjgiq∂kgpq∂lgij + χklgij∂k∂lgij ,
and
∆ωtrχω(t) = g
ij∂i∂j(χ
klgkl)
= gij∂i∂jχ
klgkl + g
ijχkl∂i∂jgkl + 2Re(g
ij∂iχ
kl∂jgij),
the difference gives( ∂
∂t
−∆ω
)
trχω =− gij∂i∂jχklgkl + χklgij(∂k∂lgij − ∂i∂jgij)
− 2Re(gij∂igkl∂jgkl)− χklgpjgiq∂kgpq∂lgij .
Then
∂k∂lgij − ∂i∂jgkl = ∂k∂l(gˆij − 2tRicij + ∂i∂jϕ)− ∂i∂j(gˆkl − 2tRickl + ∂k∂lϕ),
but since Ricij is the Chern-Ricci tensor of χ, it satisfies
∂k∂lRicij = ∂i∂jRickl,
and therefore
(4.2) ∂k∂lgij − ∂i∂jgkl = ∂k∂lgˆij − ∂i∂j gˆkl.
We obtain the equality claimed above.
We now estimate the four terms above in succession.
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Lemma 4.1. There is a uniform constant CM > 0, depending only on M , such that:
(i) −gij∂i∂jχklgkl ≤ −C−1M (trgRic)trχg − gijgksχrl∂iχkl∂jχrs
(ii) χklgij(∂k∂lgˆij − ∂i∂j gˆkl) ≤ CM trgRic + CM trgΘ
(iii) −2Re(gij∂iχkl∂jgkl) ≤ CM trgΘ+ χklgpjgiq∂kgpq∂lgij + gijgksχrl∂iχkl∂jχrs
From the stated estimates we obtain the following Corollary.
Corollary 4.2. There is a uniform constant CM > 0 depending only on the geometry of M
such that
(
∂
∂t
−∆)trχω ≤ −trgRic
(
C−1M trχg − CM ) + CM trgΘ.
Proof of Lemma 4.1. To prove part (i), we use that χkl = Φ2klδkl, so that
(4.3) ∂iχ
kl = ∂i(Φ
2klδkl) = 2klΦ
2klδkl
Φi
Φ
= 2klχ
klΦi
Φ
,
and
∂i∂jχ
kl = ∂i∂j(Φ
2klδkl) = 2klΦ
2klδkl
(Φij
Φ
+ (2kl − 1)
ΦiΦj
Φ2
)
= 2klχ
kl(gˆij + (2kl − 1)Θij)
and by (4.1),
∂i∂jχ
kl = klχ
klRicij + 4k
2
l χ
klΘij .
Finally, we note that by (4.3)
χrl∂iχ
kl∂jχ
rs = 4k2l χ
klΘij,
and then we obtain the inequality in part (i) provided CM >
2
k1
.
Next, for the claim in part (ii), we can take CM > 0 to be a constant large enough that
χkl∂k∂lgˆij − χkl∂i∂j gˆkl ≤ CM gˆij .
Since χ and gˆ are fixed, it is clear that the constant depends only on the geometry of M .
Now, using (4.1),
gij(χkl∂k∂lgˆij − χkl∂i∂j gˆkl) ≤ CM trgRic + CM trgΘ
which proves part (ii).
Finally, moving on to part (iii), we write
−2Re(gij∂iχkl∂jgkl) = −2Re(gij∂iχkl∂lgkj)− 2Re(gij∂iχkl(∂jgkl − ∂lgkj)).
For the second term, we have
∂jgkl − ∂lgkj = ∂j gˆkl − ∂lgˆkj,
(see the argument preceding (4.2)). Then we use
gˆij =
Φij
Φ
,
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to obtain
∂j gˆkl = ∂j(
Φkl
Φ
) =
Φklj
Φ
− ΦklΦj
Φ2
,
so that
∂j gˆkl − ∂lgˆkj =
ΦkjΦl − ΦklΦj
Φ2
and using (4.3)
∂iχ
kl(∂j gˆkl − ∂lgˆkj) = 2klχkl(gˆkjΘil − gˆklΘij),
and therefore
gij∂iχ
kl(∂j gˆkl − ∂lgˆkj) ≤2gijχklgˆkjΘil
≤CMgijΘij(4.4)
after taking CM > 0 large enough that 4gˆ ≤ CMχ. Again, the constant here depends only
on M .
Now,
−2Re(gij∂iχkl∂lgkj) = −2Re(gijχplgkv(χpqguv∂iχuq)∂lgkj)
≤ gijχplgkv(guvχpq∂iχuq)(gksχrl∂jχrs) + gijχplgkv∂pgiv∂lgkj
= gijgksχrl∂iχ
kl∂jχ
rs + gijχplgkv∂pgiv∂lgkj ,
and then, combining with (4.4), we have
−2Re(gij∂iχkl∂lgkj) ≤ CM trgΘ+ gijgksχrl∂iχkl∂jχrs + gijχplgkv∂pgiv∂lgkj
which proves the claim in part (iii). 
Remark 4.3. The presence of the CM trgΘ term in Corollary 4.2 introduces difficulties in
applying the maximum principle argument. These difficulties are dealt with in the final step
of proving Theorem 1.1.
Finally, we prove the main Theorem.
Proof of Theorem 1.1. Applying the previous Corollary, we arrive at
(
∂
∂t
−∆)trχω ≤ −trgRic
(
C−1M trχg − CM ) + CM trgΘ
Now, for large constants A,B > 0 to be fixed later, define
Q = trχω −Aϕ−A(1− 2t)(log(1− 2t)− 1)−Bt.
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Then we have the evolution inequality,
(
∂
∂t
−∆)Q ≤− trωRic(C−1M trχω −CM ) + CM trωΘ
−Aϕ˙+ 2A log(1− 2t) +Atrω(ω − ωt)−B
=− trωRic(C−1M trχω −CM ) + CM trωΘ− (A− 1)trωωt
−A log ω
2
χ2(1− 2t)2 + 2A− trωωt −B
Next, by the arithmetic-geometric mean inequality,
trωωt ≥ (1− 2t)trωωˆ ≥ A−1
( (1− 2t)2χ2
ω2
) 1
2
provided A is taken sufficiently large. Furthermore, by Corollary 2.4
ωt = (1− 2t)ωˆ + 2tΘ ≥ Θ
for all t ≥ 0, and so we may fix A = A(CM ) large enough that
CM trωΘ− (A− 1)trωωt ≤ 0.
Now, we have
(
∂
∂t
−∆)Q ≤ −trωRic(C−1M trχω − CM )
+A log
(1− 2t)2χ2
ω2
−A−1
((1− 2t)2χ2
ω2
) 1
2
+ 2A−B
≤ −trωRic(C−1M trχω − CM ),
for B = B(A) > 0 sufficiently large since (A log s−A−1s 12 + 2A) is bounded from above for
s > 0. It then follows that if Q achieves a maximum with t0 > 0, then at that point
0 ≤ −trωRic(C−1M trχω − CM ),
but then since Ric is non-negative, it follows that at the point of maximum
trχω ≤ C2M .
Finally, since ϕ, Bt, and (1 − 2t) log(1 − 2t) are all bounded, we obtain that Q is bounded
above on M × [0, 12), and therefore
trχω ≤ C
for a uniform constant C > 0, which completes the proof. 
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